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A semi-analytical approach is developed to calculate the effective pair potential of rigid arbitrarily-
shaped macroions with a non-vanishing particle volume, valid within linear screening theory and the
mean-field approximation. The essential ingredient for this framework is a mapping of the particle
to a singular charge distribution with adjustable effective charge and shape parameters determined
by the particle surface electrostatic potential. For charged spheres this method reproduces the well-
known Derjaguin-Landau-Verwey-Overbeek (DLVO) potential. Further exemplary benchmarks of
the method for more complicated cases, like tori, tri-axial ellipsoids, and additive torus-sphere mix-
tures, leads to accurate closed-form integral expressions for all particle separations and orientations,
not yet known in the literature. The findings are relevant for determining the phase behaviour of
macroions with experiments and simulations for various particle shapes.
Screened Coulomb interactions of electronic or ionic
nature are ubiquitous in quantum-mechanical and classi-
cal systems, such as strongly correlated electron matter
[1, 2], chemical bonds [3, 4], superconductors [5], pro-
teins [6], liquid crystals [7–9], DNA [10–12], graphene
[13], lipid membranes [14, 15] , supercapacitors [16, 17],
microfluidics [18], and dusty plasmas [19, 20]. A gen-
eral understanding of electrostatic screening in various
geometrical settings is needed, considering that many of
these systems have a complex geometry. In particular,
classical charge-screened particles of various shapes and
surface functionalities can be experimentally synthesised
and characterised today in great detail [21, 22], how-
ever, theoretical understanding of effective particle inter-
actions is lagging behind as it is difficult to account for
finite particle volume and non-spherical particle shape.
This letter is aimed at bridging the gap between the avail-
able experimental and theoretical toolkit.
In order to express the system in solely the degrees of
freedom of interest — such as the positions and orienta-
tions of specific particles — it is useful to integrate out
the “fast” charge degrees of freedom, which leads to an ef-
fective description in terms of electrostatic screening. In
free-electron like metals this procedure leads to Friedel
oscillations, electron density modulations near a solid-
fluid interface and around impurities [23–25], which is a
canonical example of an emergent phenomenon caused
by screening. In classical systems [26] and sufficiently
dilute quantum systems [27, 28], screening is often as-
sociated with the damped spatial decay of the electro-
static potential (and thus the effective pair potential),
that for point particles and for low voltages compared to
the thermal energy, has the Yukawa form, ∼ exp(−κr)/r,
with κ−1 the Debye screening length and r the radial dis-
tance, as opposed to the bare Coulomb case ∼ 1/r. Of
special interest are spherical charged particles, with ra-
dius a in the colloidal (sub-)micron regime, dispersed in
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ion-containing liquids, because of their tunable charge
and screening properties [29]. Integrating out the de-
grees of freedom of the smaller ions results in a Yukawa-
type effective sphere-sphere potential with a prefactor
that depends on the particle charge and, unlike for point
particles, also the salt concentration via κa arising from
the ion-impenetrable particle hard core [30, 31]. This
so-called DLVO potential [32] is an essential theoretical
tool for understanding the behaviour of charge-stabilised
colloids [33], even for out-of-equilibrium suspensions [34].
For non-spherical shapes, the screened-electrostatic
pair interaction is only analytically known in a few cases
for all particle configurations, even within linear screen-
ing theory. However, some studies exist for disks [35–38],
rods [39, 40], spheroids [41–45], or helices [46], where the
potential is sometimes calculated only for infinitely long,
thin, or ion-penetrable particles, restricted particle con-
figurations or for orientation-averaged interactions [47].
The difficulty in finding analytical solutions lies in the fi-
nite ion-impenetrable particle volume which complicates
matching the series expansion solution (if it is even avail-
able for the geometry under consideration) of the un-
screened potential inside and the screened potential out-
side the particle via the boundary conditions. However,
when the pair potential would be known, one does not
need to numerically solve the 3D Poisson(-Boltzmann)
equation for every single particle configuration at each
simulation step, as in Refs. [48–50] for simulations of
charged colloids. Instead, computationally less expensive
simulations with effective pair potentials can be used, and
by mapping to cell models, even charge regulation can
be incorporated [51]. The lack of availability of accurate
pair potentials might explain why fewer phase behaviour
studies are known for complex-shaped charged particles
[52–54] than for charge-neutral hard particles [55–60].
In this letter, I devise a framework to semi-analytically
approximate effective interactions between (not necessar-
ily equal) charged finite-size particles with not necessarily
spherical shape. By mapping particles to singular charge
distributions (i.e. expressed by δ functions), I find a
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2straightforward and accurate evaluation of the interac-
tion free energy for arbitrary inter-particle separations
and orientations. For spheres, this method reproduces
DLVO theory, hence a similar level of approximation is
expected such as weak double layer overlap [61]. After
discussing spheres, I apply the framework to more com-
plicated shapes, such as tori and ellipsoids.
To set up the theoretical framework, I consider an ion-
impenetrable charged particle of arbitrary shape with
dielectric constant p, surface P, and interior volume
int(P), immersed in a structureless solvent with dielec-
tric constant s and Bjerrum length `B = βe
2/(4pi0s),
with e the proton charge, 0 the vacuum permittivity,
and β−1 = kBT , with kB the Boltzmann constant and
T temperature. By thermally averaging over the ions,
an inhomogeneous electrostatic potential φ(r)/(βe) de-
scribes the electric double layer that is formed around the
particle. I split the total electrostatic potential as a con-
tribution inside the particle φ<(r) = φ(r)|r∈int(P), and a
contribution outside the particle φ>(r) = φ(r)|r/∈int(P).
For linear screening, |φ(r)|  1, and within the mean-
field approximation, φ<(r) and φ>(r) are given by the
Laplace and Debye-Hu¨ckel (DH) equation, respectively,
∇2φ<(r) = 0, ∇2φ>(r) = κ2φ>(r), (1)
with continuity φ<(r) = φ>(r) for r ∈ P, and constant-
charge boundary condition on the particle surface with
outward normal νˆ and surface charge density eσ,
νˆ ·
[
p∇φ<(r)− s∇φ>(r)
]
/s = 4pi`Bσ, r ∈ P. (2)
The finite particle volume complicates matching φ>(r)
and φ<(r) through the boundary conditions [42], al-
though formal exact multiple-scattering expansions exist
[62]. Sometimes Eq. (1) is not even separable in cer-
tain coordinate systems, which further complicates find-
ing analytical solutions. For example, due to the non-
separability of the Helmholtz equation (DH with imagi-
nary κ) in toroidal coordinates, the complete solution can
only be expressed in terms of lengthy toroidal wave func-
tions [63]. However, some approximations for the double
layer around a torus exist [64, 65].
The first central message of this letter is that an ion-
impenetrable charged particle can be mapped to a sin-
gular charge distribution q(r) without a particle hard
core, described by the DH equation (∇2 − κ2)ϕ(r) =
−4pi`Bq(r), such that the outside potential is approxi-
mated to a very high accuracy by φ>(r) ≈ ϕ(r). Conse-
quently, ϕ(r) can be expressed as the convolution of q(r)
with the DH Green’s function,
ϕ(r) = `B
∫
dr′q(r′)
exp (−κ|r− r′|)
|r− r′| . (3)
Here, q(r) can either be a point, line, or surface charge
distribution and has to be parametrised with the same
symmetry of the particle. The salt-dependent shape and
magnitude of q(r) can be determined by matching, e.g.
the numerically or analytically obtained surface poten-
tial. The benefit of this method is that the same q(r) for
a single particle, enters the approximate analytical ex-
pression for the charge-screened two-particle interaction,
which is the second central message of this work.
As an example, a sphere of radius a and total charge
Zse = 4pia
2σe can be mapped to a point charge q(r) =
Qpδ(r). Using Eq. (3) gives ϕ(r) = Qp`B exp(−κr)/r,
to be compared with the exact analytical solution [66]
φ>(r) =
Zs`B exp(κa)
1 + κa
exp(−κr)
r
. (4)
Matching the potential on the particle surface,
ϕ(r = a) = φ>(r = a), I find Qp = ZsΥs, with Υs =
exp(κa)/(1 + κa). Alternatively, Qp can be computed:
for the ion densities caused by the singular point charge
within DH theory, ρ±(r) = ρs exp[∓ϕ(r)] ≈ ρs[1∓ ϕ(r)],
one can check that Zs = Qp +
∫
r<a
dr[ρ+(r) − ρ−(r)]
showing that an ion-impenetrable charged sphere pro-
duces the same electrostatic potential for r > a as an ion-
penetrable particle, consisting of a suitable point charge
surrounded by a plasma of ions. This physical interpre-
tation is possible because φ<(r) = Zs`B/[a(1 + κa)] is
constant and therefore does not contribute to Eq. (2).
To calculate two-particle interactions, I consider two
charged bodies with their centre of masses located at po-
sition vectors X1,2 and particle orientations Ω1,2, repre-
sented by total singular charge distributions qT (r) and
corresponding ϕT (r) via Eq. (3). The effective Hamil-
tonian for this fixed configuration of particles is given in
the DH approximation by
βΦe(d,Ω1,Ω2) =
1
2
∫
dr qT (r)ϕT (r), (5)
with center-to-center distance vector d = X1 − X2. It
is understood that the infinite self-energy terms are sub-
tracted, and only fixed charges are included because the
ion distributions are thermally averaged. For spherical
particles, the DLVO potential results from Eq. (5),
βΦsse (d) = Z
2
s `B
[
exp(κa)
1 + κa
]2
exp(−κd)
d
, (6)
with d = |d|. The same result follows from the linear
superposition approximation (LSA) used on Eq. (4),
φ2B(r) ≈
∑
i φ>(r −Xi), in force calculations with the
stress tensor [66]. However, Eq. (5) is incompatible with
the LSA: one would obtain a different result than Eq.
(6) because the LSA does not account for ion-particle
hard-core interactions [36]. In contrast, unique for the
point-charge mapping is the compatibility with the free
energy and the stress tensor route, because the parti-
cle hard core is effectively mapped out. Finally, I note
that mapping spheres to ion-penetrable charged spherical
3RO = 1
<latexit sha1_base64="vCIqHx8CZn8Oo9nkb 7V4zH2X1Ds=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0ik0PYgFLx4s4q1hSaUyXbTLt0ky+5 GKKF/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrayurW+UNytb2zu7e9X9gzuVpJLQLkl 4IvsBKMpZTLuaaU77QlKIAk57wfRi4ffuqVQsiW/1TFA/gnHMQkZAG8nzpiAE4Jvh1bk7rNYcu5UD L0mjXpCWi13byVFDBTrD6rs3Skga0VgTDkoNXEdoPwOpGeF0XvFSRQWQKYzpwNAYIqr8LL95jk+M MsJhIk3FGufq94kMIqVmUWA6I9AT9dtbiH95g1SHTT9jsUg1jclyUZhyrBO8CACPmKRE85khQCQzt 2IyAQlEm5gqJoSvT/H/5O7Mdh3bva7X2s0ijjI6QsfoFLmogdroEnVQFxEk0AN6Qs9Waj1aL9brs rVkFTOH6Aest0+z0ZFy</latexit><latexit sha1_base64="vCIqHx8CZn8Oo9nkb 7V4zH2X1Ds=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0ik0PYgFLx4s4q1hSaUyXbTLt0ky+5 GKKF/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrayurW+UNytb2zu7e9X9gzuVpJLQLkl 4IvsBKMpZTLuaaU77QlKIAk57wfRi4ffuqVQsiW/1TFA/gnHMQkZAG8nzpiAE4Jvh1bk7rNYcu5UD L0mjXpCWi13byVFDBTrD6rs3Skga0VgTDkoNXEdoPwOpGeF0XvFSRQWQKYzpwNAYIqr8LL95jk+M MsJhIk3FGufq94kMIqVmUWA6I9AT9dtbiH95g1SHTT9jsUg1jclyUZhyrBO8CACPmKRE85khQCQzt 2IyAQlEm5gqJoSvT/H/5O7Mdh3bva7X2s0ijjI6QsfoFLmogdroEnVQFxEk0AN6Qs9Waj1aL9brs rVkFTOH6Aest0+z0ZFy</latexit><latexit sha1_base64="vCIqHx8CZn8Oo9nkb 7V4zH2X1Ds=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0ik0PYgFLx4s4q1hSaUyXbTLt0ky+5 GKKF/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrayurW+UNytb2zu7e9X9gzuVpJLQLkl 4IvsBKMpZTLuaaU77QlKIAk57wfRi4ffuqVQsiW/1TFA/gnHMQkZAG8nzpiAE4Jvh1bk7rNYcu5UD L0mjXpCWi13byVFDBTrD6rs3Skga0VgTDkoNXEdoPwOpGeF0XvFSRQWQKYzpwNAYIqr8LL95jk+M MsJhIk3FGufq94kMIqVmUWA6I9AT9dtbiH95g1SHTT9jsUg1jclyUZhyrBO8CACPmKRE85khQCQzt 2IyAQlEm5gqJoSvT/H/5O7Mdh3bva7X2s0ijjI6QsfoFLmogdroEnVQFxEk0AN6Qs9Waj1aL9brs rVkFTOH6Aest0+z0ZFy</latexit><latexit sha1_base64="vCIqHx8CZn8Oo9nkb 7V4zH2X1Ds=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0ik0PYgFLx4s4q1hSaUyXbTLt0ky+5 GKKF/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrayurW+UNytb2zu7e9X9gzuVpJLQLkl 4IvsBKMpZTLuaaU77QlKIAk57wfRi4ffuqVQsiW/1TFA/gnHMQkZAG8nzpiAE4Jvh1bk7rNYcu5UD L0mjXpCWi13byVFDBTrD6rs3Skga0VgTDkoNXEdoPwOpGeF0XvFSRQWQKYzpwNAYIqr8LL95jk+M MsJhIk3FGufq94kMIqVmUWA6I9AT9dtbiH95g1SHTT9jsUg1jclyUZhyrBO8CACPmKRE85khQCQzt 2IyAQlEm5gqJoSvT/H/5O7Mdh3bva7X2s0ijjI6QsfoFLmogdroEnVQFxEk0AN6Qs9Waj1aL9brs rVkFTOH6Aest0+z0ZFy</latexit>
(a)
<latexit sha1_base64 ="kED5sUtam5GUfhvj6jsIaOvappw=">AAAB6n icbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI 5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8 kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweH R8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0ig Q2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq9H pYrbs1dgmwSLycVyNEalr8Go5ilEUrDBNW677m J8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq 4xIGCtb0pCl+nsio5HWsyiwnRE1E73uLcT/vH5 qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9l bCJlRRZmw6JRuCt/7yJunUa55b8+7rlWYjj6MI F3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8 HJZ87hD5zPH4UJjT4=</latexit><latexit sha1_base64 ="kED5sUtam5GUfhvj6jsIaOvappw=">AAAB6n icbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI 5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8 kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweH R8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0ig Q2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq9H pYrbs1dgmwSLycVyNEalr8Go5ilEUrDBNW677m J8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq 4xIGCtb0pCl+nsio5HWsyiwnRE1E73uLcT/vH5 qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9l bCJlRRZmw6JRuCt/7yJunUa55b8+7rlWYjj6MI F3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8 HJZ87hD5zPH4UJjT4=</latexit><latexit sha1_base64 ="kED5sUtam5GUfhvj6jsIaOvappw=">AAAB6n icbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI 5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8 kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweH R8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0ig Q2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq9H pYrbs1dgmwSLycVyNEalr8Go5ilEUrDBNW677m J8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq 4xIGCtb0pCl+nsio5HWsyiwnRE1E73uLcT/vH5 qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9l bCJlRRZmw6JRuCt/7yJunUa55b8+7rlWYjj6MI F3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8 HJZ87hD5zPH4UJjT4=</latexit><latexit sha1_base64 ="kED5sUtam5GUfhvj6jsIaOvappw=">AAAB6n icbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI 5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8 kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweH R8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0ig Q2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq9H pYrbs1dgmwSLycVyNEalr8Go5ilEUrDBNW677m J8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq 4xIGCtb0pCl+nsio5HWsyiwnRE1E73uLcT/vH5 qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9l bCJlRRZmw6JRuCt/7yJunUa55b8+7rlWYjj6MI F3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8 HJZ87hD5zPH4UJjT4=</latexit>
RO = 5
<latexit sha1_base64="6pAwg/DsNEGiA8tWY SurG2JyXCY=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0ik0vYgFLx4s4r9gCaUzXbTLt0ky+5 GKKV/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrKyurW8UN0tb2zu7e+X9g45KUklomyQ 8kb0AK8pZTNuaaU57QlIcBZx2g8nlwu/eU6lYEt/pqaB+hEcxCxnB2kieN8FCYHQ7uL44H5Qrjt3I gJakVs1Jw0Wu7WSoQI7WoPzuDROSRjTWhGOl+q4jtD/DUjPC6bzkpYoKTCZ4RPuGxjiiyp9lN8/R iVGGKEykqVijTP0+McORUtMoMJ0R1mP121uIf3n9VId1f8ZikWoak+WiMOVIJ2gRABoySYnmU0Mwk czcisgYS0y0ialkQvj6FP1POme269juTbXSrOdxFOEIjuEUXKhBE66gBW0gIOABnuDZSq1H68V6X bYWrHzmEH7AevsEueGRdg==</latexit><latexit sha1_base64="6pAwg/DsNEGiA8tWY SurG2JyXCY=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0ik0vYgFLx4s4r9gCaUzXbTLt0ky+5 GKKV/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrKyurW8UN0tb2zu7e+X9g45KUklomyQ 8kb0AK8pZTNuaaU57QlIcBZx2g8nlwu/eU6lYEt/pqaB+hEcxCxnB2kieN8FCYHQ7uL44H5Qrjt3I gJakVs1Jw0Wu7WSoQI7WoPzuDROSRjTWhGOl+q4jtD/DUjPC6bzkpYoKTCZ4RPuGxjiiyp9lN8/R iVGGKEykqVijTP0+McORUtMoMJ0R1mP121uIf3n9VId1f8ZikWoak+WiMOVIJ2gRABoySYnmU0Mwk czcisgYS0y0ialkQvj6FP1POme269juTbXSrOdxFOEIjuEUXKhBE66gBW0gIOABnuDZSq1H68V6X bYWrHzmEH7AevsEueGRdg==</latexit><latexit sha1_base64="6pAwg/DsNEGiA8tWY SurG2JyXCY=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0ik0vYgFLx4s4r9gCaUzXbTLt0ky+5 GKKV/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrKyurW8UN0tb2zu7e+X9g45KUklomyQ 8kb0AK8pZTNuaaU57QlIcBZx2g8nlwu/eU6lYEt/pqaB+hEcxCxnB2kieN8FCYHQ7uL44H5Qrjt3I gJakVs1Jw0Wu7WSoQI7WoPzuDROSRjTWhGOl+q4jtD/DUjPC6bzkpYoKTCZ4RPuGxjiiyp9lN8/R iVGGKEykqVijTP0+McORUtMoMJ0R1mP121uIf3n9VId1f8ZikWoak+WiMOVIJ2gRABoySYnmU0Mwk czcisgYS0y0ialkQvj6FP1POme269juTbXSrOdxFOEIjuEUXKhBE66gBW0gIOABnuDZSq1H68V6X bYWrHzmEH7AevsEueGRdg==</latexit><latexit sha1_base64="6pAwg/DsNEGiA8tWY SurG2JyXCY=">AAAB83icdVBNS8NAEJ3Ur1q/qh69LBbBU0ik0vYgFLx4s4r9gCaUzXbTLt0ky+5 GKKV/w4sHRbz6Z7z5b9ymEVT0wcDjvRlm5gWCM6Ud58MqrKyurW8UN0tb2zu7e+X9g45KUklomyQ 8kb0AK8pZTNuaaU57QlIcBZx2g8nlwu/eU6lYEt/pqaB+hEcxCxnB2kieN8FCYHQ7uL44H5Qrjt3I gJakVs1Jw0Wu7WSoQI7WoPzuDROSRjTWhGOl+q4jtD/DUjPC6bzkpYoKTCZ4RPuGxjiiyp9lN8/R iVGGKEykqVijTP0+McORUtMoMJ0R1mP121uIf3n9VId1f8ZikWoak+WiMOVIJ2gRABoySYnmU0Mwk czcisgYS0y0ialkQvj6FP1POme269juTbXSrOdxFOEIjuEUXKhBE66gBW0gIOABnuDZSq1H68V6X bYWrHzmEH7AevsEueGRdg==</latexit>
(b)
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p
ar
ti
cl
e
<latexit sha1_base64="WNxnKZM1EpkdDS0YHkHWlIP3CxI=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRmLiibRc5EjixSMmFkigIdtlCxu227o7NSENf8KLB43x6t/x5r9xgR4UfMkmL+/NzM68MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGfdZIhPdC6nhUijuo0DJe6nmNA4l74bT24XffeLaiEQ94CzlQUzHSkSCUbRSL6UaBZN8WK25dXcJskm8gtSgQHtY/RqMEpbFXCGT1Ji+56YY5MW4eWWQGZ5SNqVj3rdU0ZibIF/uOydXVhmRKNH2KSRL9XdHTmNjZnFoK2OKE7PuLcT/vH6GUTPIhUoz5IqtPooySTAhi+PJSGjOUM4soUwLuythE6opQxtRxYbgrZ+8STqNuufWvftGrdUs4ijDBVzCNXhwAy24gzb4wEDCM7zCm/PovDjvzseqtOQUPefwB87nD0aUkBI=</latexit><latexit sha1_base64="WNxnKZM1EpkdDS0YHkHWlIP3CxI=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRmLiibRc5EjixSMmFkigIdtlCxu227o7NSENf8KLB43x6t/x5r9xgR4UfMkmL+/NzM68MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGfdZIhPdC6nhUijuo0DJe6nmNA4l74bT24XffeLaiEQ94CzlQUzHSkSCUbRSL6UaBZN8WK25dXcJskm8gtSgQHtY/RqMEpbFXCGT1Ji+56YY5MW4eWWQGZ5SNqVj3rdU0ZibIF/uOydXVhmRKNH2KSRL9XdHTmNjZnFoK2OKE7PuLcT/vH6GUTPIhUoz5IqtPooySTAhi+PJSGjOUM4soUwLuythE6opQxtRxYbgrZ+8STqNuufWvftGrdUs4ijDBVzCNXhwAy24gzb4wEDCM7zCm/PovDjvzseqtOQUPefwB87nD0aUkBI=</latexit><latexit sha1_base64="WNxnKZM1EpkdDS0YHkHWlIP3CxI=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRmLiibRc5EjixSMmFkigIdtlCxu227o7NSENf8KLB43x6t/x5r9xgR4UfMkmL+/NzM68MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGfdZIhPdC6nhUijuo0DJe6nmNA4l74bT24XffeLaiEQ94CzlQUzHSkSCUbRSL6UaBZN8WK25dXcJskm8gtSgQHtY/RqMEpbFXCGT1Ji+56YY5MW4eWWQGZ5SNqVj3rdU0ZibIF/uOydXVhmRKNH2KSRL9XdHTmNjZnFoK2OKE7PuLcT/vH6GUTPIhUoz5IqtPooySTAhi+PJSGjOUM4soUwLuythE6opQxtRxYbgrZ+8STqNuufWvftGrdUs4ijDBVzCNXhwAy24gzb4wEDCM7zCm/PovDjvzseqtOQUPefwB87nD0aUkBI=</latexit><latexit sha1_base64="WNxnKZM1EpkdDS0YHkHWlIP3CxI=">AAAB73icbVBNT8JAEJ3iF+IX6tHLRmLiibRc5EjixSMmFkigIdtlCxu227o7NSENf8KLB43x6t/x5r9xgR4UfMkmL+/NzM68MJXCoOt+O6Wt7Z3dvfJ+5eDw6PikenrWMUmmGfdZIhPdC6nhUijuo0DJe6nmNA4l74bT24XffeLaiEQ94CzlQUzHSkSCUbRSL6UaBZN8WK25dXcJskm8gtSgQHtY/RqMEpbFXCGT1Ji+56YY5MW4eWWQGZ5SNqVj3rdU0ZibIF/uOydXVhmRKNH2KSRL9XdHTmNjZnFoK2OKE7PuLcT/vH6GUTPIhUoz5IqtPooySTAhi+PJSGjOUM4soUwLuythE6opQxtRxYbgrZ+8STqNuufWvftGrdUs4ijDBVzCNXhwAy24gzb4wEDCM7zCm/PovDjvzseqtOQUPefwB87nD0aUkBI=</latexit>
 (r)
<latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit><latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit><latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit><latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit>
 (r)
<latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit><latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit><latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit><latexit sha1_base64="YATu1ScDsxqwjPApbi otYgds+lM=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpZhN3J4US+ju 8eFDEqz/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+OxubW9s7u4W94v7B4dFx6eS0ZeJUM95ksYx1J6CGS6 F4EwVK3kk0p1EgeTsY38399oRrI2L1iNOE+xEdKhEKRtFKfi8ZiUrWC0KiZ1f9UtmtuguQdeLlpAw5G v3SV28QszTiCpmkxnQ9N0E/oxoFk3xW7KWGJ5SN6ZB3LVU04sbPFkfPyKVVBiSMtS2FZKH+nshoZMw0 CmxnRHFkVr25+J/XTTGs+ZlQSYpcseWiMJUEYzJPgAyE5gzl1BLKtLC3EjaimjK0ORVtCN7qy+ukdV3 13Kr3cFOu1/I4CnAOF1ABD26hDvfQgCYweIJneIU3Z+K8OO/Ox7J1w8lnzuAPnM8fAmuRjg==</late xit>
(c)
<latexit sha1_base64="AGLFCUaMOfWowVXjdi BXp8O0gXY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq7HpYrbs1dgmwSLycVyNEalr8Go5ilE UrDBNW677mJ8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq4xIGCtb0pCl+nsio5HWsyiwnRE1E73u LcT/vH5qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9lbCJlRRZmw6JRuCt/7yJunUa55b8+7rlWY jj6MIF3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH4gTjUA=</latexit><latexit sha1_base64="AGLFCUaMOfWowVXjdi BXp8O0gXY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq7HpYrbs1dgmwSLycVyNEalr8Go5ilE UrDBNW677mJ8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq4xIGCtb0pCl+nsio5HWsyiwnRE1E73u LcT/vH5qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9lbCJlRRZmw6JRuCt/7yJunUa55b8+7rlWY jj6MIF3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH4gTjUA=</latexit><latexit sha1_base64="AGLFCUaMOfWowVXjdi BXp8O0gXY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq7HpYrbs1dgmwSLycVyNEalr8Go5ilE UrDBNW677mJ8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq4xIGCtb0pCl+nsio5HWsyiwnRE1E73u LcT/vH5qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9lbCJlRRZmw6JRuCt/7yJunUa55b8+7rlWY jj6MIF3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH4gTjUA=</latexit><latexit sha1_base64="AGLFCUaMOfWowVXjdi BXp8O0gXY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhyq7HpYrbs1dgmwSLycVyNEalr8Go5ilE UrDBNW677mJ8TOqDGcC56VBqjGhbErH2LdU0gi1ny1PnZMrq4xIGCtb0pCl+nsio5HWsyiwnRE1E73u LcT/vH5qwoafcZmkBiVbLQpTQUxMFn+TEVfIjJhZQpni9lbCJlRRZmw6JRuCt/7yJunUa55b8+7rlWY jj6MIF3AJVfDgBppwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hD5zPH4gTjUA=</latexit>
(d)
<latexit sha1_base64="gMgy/rvyQtaHPTrDEc iAWevqcrU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3F3MMePEY0TwgWcLsbG8yZHZ2mZkVwpJ P8OJBEa9+kTf/xsnjoIkFDUVVN91dQSq4Nq777RS2tnd294r7pYPDo+OT8ulZRyeZYthmiUhUL6AaBZ fYNtwI7KUKaRwI7AaT27nffUKleSIfzTRFP6YjySPOqLHSQzW8HpYrbs1dgGwSb0UqsEJrWP4ahAnLY pSGCap133NT4+dUGc4EzkqDTGNK2YSOsG+ppDFqP1+cOiNXVglJlChb0pCF+nsip7HW0ziwnTE1Y73u zcX/vH5mooafc5lmBiVbLooyQUxC5n+TkCtkRkwtoUxxeythY6ooMzadkg3BW395k3TqNc+teff1SrO xiqMIF3AJVfDgBppwBy1oA4MRPMMrvDnCeXHenY9la8FZzZzDHzifP4mYjUE=</latexit><latexit sha1_base64="gMgy/rvyQtaHPTrDEc iAWevqcrU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3F3MMePEY0TwgWcLsbG8yZHZ2mZkVwpJ P8OJBEa9+kTf/xsnjoIkFDUVVN91dQSq4Nq777RS2tnd294r7pYPDo+OT8ulZRyeZYthmiUhUL6AaBZ fYNtwI7KUKaRwI7AaT27nffUKleSIfzTRFP6YjySPOqLHSQzW8HpYrbs1dgGwSb0UqsEJrWP4ahAnLY pSGCap133NT4+dUGc4EzkqDTGNK2YSOsG+ppDFqP1+cOiNXVglJlChb0pCF+nsip7HW0ziwnTE1Y73u zcX/vH5mooafc5lmBiVbLooyQUxC5n+TkCtkRkwtoUxxeythY6ooMzadkg3BW395k3TqNc+teff1SrO xiqMIF3AJVfDgBppwBy1oA4MRPMMrvDnCeXHenY9la8FZzZzDHzifP4mYjUE=</latexit><latexit sha1_base64="gMgy/rvyQtaHPTrDEc iAWevqcrU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3F3MMePEY0TwgWcLsbG8yZHZ2mZkVwpJ P8OJBEa9+kTf/xsnjoIkFDUVVN91dQSq4Nq777RS2tnd294r7pYPDo+OT8ulZRyeZYthmiUhUL6AaBZ fYNtwI7KUKaRwI7AaT27nffUKleSIfzTRFP6YjySPOqLHSQzW8HpYrbs1dgGwSb0UqsEJrWP4ahAnLY pSGCap133NT4+dUGc4EzkqDTGNK2YSOsG+ppDFqP1+cOiNXVglJlChb0pCF+nsip7HW0ziwnTE1Y73u zcX/vH5mooafc5lmBiVbLooyQUxC5n+TkCtkRkwtoUxxeythY6ooMzadkg3BW395k3TqNc+teff1SrO xiqMIF3AJVfDgBppwBy1oA4MRPMMrvDnCeXHenY9la8FZzZzDHzifP4mYjUE=</latexit><latexit sha1_base64="gMgy/rvyQtaHPTrDEc iAWevqcrU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3F3MMePEY0TwgWcLsbG8yZHZ2mZkVwpJ P8OJBEa9+kTf/xsnjoIkFDUVVN91dQSq4Nq777RS2tnd294r7pYPDo+OT8ulZRyeZYthmiUhUL6AaBZ fYNtwI7KUKaRwI7AaT27nffUKleSIfzTRFP6YjySPOqLHSQzW8HpYrbs1dgGwSb0UqsEJrWP4ahAnLY pSGCap133NT4+dUGc4EzkqDTGNK2YSOsG+ppDFqP1+cOiNXVglJlChb0pCF+nsip7HW0ziwnTE1Y73u zcX/vH5mooafc5lmBiVbLooyQUxC5n+TkCtkRkwtoUxxeythY6ooMzadkg3BW395k3TqNc+teff1SrO xiqMIF3AJVfDgBppwBy1oA4MRPMMrvDnCeXHenY9la8FZzZzDHzifP4mYjUE=</latexit>
(e)
<latexit sha1_base64="Fs3Hnlxe69BJFQ0mcv b1AX+aKJk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhypeD8sVt+YuQTaJl5MK5GgNy1+DUczSC KVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73 FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3TqNc+teff1SrO Rx1GEC7iEKnhwA024gxa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD4sdjUI=</latexit><latexit sha1_base64="Fs3Hnlxe69BJFQ0mcv b1AX+aKJk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhypeD8sVt+YuQTaJl5MK5GgNy1+DUczSC KVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73 FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3TqNc+teff1SrO Rx1GEC7iEKnhwA024gxa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD4sdjUI=</latexit><latexit sha1_base64="Fs3Hnlxe69BJFQ0mcv b1AX+aKJk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhypeD8sVt+YuQTaJl5MK5GgNy1+DUczSC KVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73 FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3TqNc+teff1SrO Rx1GEC7iEKnhwA024gxa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD4sdjUI=</latexit><latexit sha1_base64="Fs3Hnlxe69BJFQ0mcv b1AX+aKJk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4Qjvw EGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci 6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHkoecUWOlhypeD8sVt+YuQTaJl5MK5GgNy1+DUczSC KVhgmrd99zE+BlVhjOB89Ig1ZhQNqVj7FsqaYTaz5anzsmVVUYkjJUtachS/T2R0UjrWRTYzoiaiV73 FuJ/Xj81YcPPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3TqNc+teff1SrO Rx1GEC7iEKnhwA024gxa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD4sdjUI=</latexit>
(f)
<latexit sha1_base64="ZarH6dy2RPCQU8/ltnhnZkzKQs4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSOsW+ppBFqP1ueOidXVhmRMFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UhA0/4zJJDUq2WhSmgpiYLP4mI66QGTGz hDLF7a2ETaiizNh0SjYEb/3lTdKp1zy35t3XK81GHkcRLuASquDBDTThDlrQBgZjeIZXeHOE8+K8Ox+r1oKTz5zDHzifP4yijUM=</latexit><latexit sha1_base64="ZarH6dy2RPCQU8/ltnhnZkzKQs4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSOsW+ppBFqP1ueOidXVhmRMFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UhA0/4zJJDUq2WhSmgpiYLP4mI66QGTGz hDLF7a2ETaiizNh0SjYEb/3lTdKp1zy35t3XK81GHkcRLuASquDBDTThDlrQBgZjeIZXeHOE8+K8Ox+r1oKTz5zDHzifP4yijUM=</latexit><latexit sha1_base64="ZarH6dy2RPCQU8/ltnhnZkzKQs4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSOsW+ppBFqP1ueOidXVhmRMFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UhA0/4zJJDUq2WhSmgpiYLP4mI66QGTGz hDLF7a2ETaiizNh0SjYEb/3lTdKp1zy35t3XK81GHkcRLuASquDBDTThDlrQBgZjeIZXeHOE8+K8Ox+r1oKTz5zDHzifP4yijUM=</latexit><latexit sha1_base64="ZarH6dy2RPCQU8/ltnhnZkzKQs4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSOsW+ppBFqP1ueOidXVhmRMFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UhA0/4zJJDUq2WhSmgpiYLP4mI66QGTGz hDLF7a2ETaiizNh0SjYEb/3lTdKp1zy35t3XK81GHkcRLuASquDBDTThDlrQBgZjeIZXeHOE8+K8Ox+r1oKTz5zDHzifP4yijUM=</latexit>
(g)
<latexit sha1_base64="NChJIQnWXlpUlQhP86s5HpgvsUo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xtJpcle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkRDyc ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSG2LdU0gi1ny1PnZMrq4zIOFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UjBt+xmWSGpRstWicCmJisvibjLhCZsTM EsoUt7cSNqGKMmPTKdkQvPWXN0mnXvPcmndfrzQbeRxFuIBLqIIHN9CEO2hBGxiE8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCOJ41E</latexit><latexit sha1_base64="NChJIQnWXlpUlQhP86s5HpgvsUo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xtJpcle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkRDyc ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSG2LdU0gi1ny1PnZMrq4zIOFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UjBt+xmWSGpRstWicCmJisvibjLhCZsTM EsoUt7cSNqGKMmPTKdkQvPWXN0mnXvPcmndfrzQbeRxFuIBLqIIHN9CEO2hBGxiE8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCOJ41E</latexit><latexit sha1_base64="NChJIQnWXlpUlQhP86s5HpgvsUo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xtJpcle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkRDyc ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSG2LdU0gi1ny1PnZMrq4zIOFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UjBt+xmWSGpRstWicCmJisvibjLhCZsTM EsoUt7cSNqGKMmPTKdkQvPWXN0mnXvPcmndfrzQbeRxFuIBLqIIHN9CEO2hBGxiE8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCOJ41E</latexit><latexit sha1_base64="NChJIQnWXlpUlQhP86s5HpgvsUo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xtJpcle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkRDyc ecUWOlh2p4PSxX3Jq7BNkkXk4qkKM1LH8NRjFLI5SGCap133MT42dUGc4EzkuDVGNC2ZSG2LdU0gi1ny1PnZMrq4zIOFa2pCFL9fdERiOtZ1FgOyNqJnrdW4j/ef3UjBt+xmWSGpRstWicCmJisvibjLhCZsTM EsoUt7cSNqGKMmPTKdkQvPWXN0mnXvPcmndfrzQbeRxFuIBLqIIHN9CEO2hBGxiE8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCOJ41E</latexit>
(h)
<latexit sha1_base64="ZPTTdg9X8zbtKzrB/Qgp6gviDmg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh+rkeliuuDV3CbJJvJxUIEdrWP4ajGKWRigNE1Trvucmxs+oMpwJnJcGqcaEsikdY99SSSPUfrY8dU6urDIiYaxsSUOW6u+JjEZaz6LAdkbUTPS6txD/8/qpCRt+xmWSGpRstShMBTExWfxNRlwhM2Jm CWWK21sJm1BFmbHplGwI3vrLm6RTr3luzbuvV5qNPI4iXMAlVMGDG2jCHbSgDQzG8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCPrI1F</latexit><latexit sha1_base64="ZPTTdg9X8zbtKzrB/Qgp6gviDmg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh+rkeliuuDV3CbJJvJxUIEdrWP4ajGKWRigNE1Trvucmxs+oMpwJnJcGqcaEsikdY99SSSPUfrY8dU6urDIiYaxsSUOW6u+JjEZaz6LAdkbUTPS6txD/8/qpCRt+xmWSGpRstShMBTExWfxNRlwhM2Jm CWWK21sJm1BFmbHplGwI3vrLm6RTr3luzbuvV5qNPI4iXMAlVMGDG2jCHbSgDQzG8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCPrI1F</latexit><latexit sha1_base64="ZPTTdg9X8zbtKzrB/Qgp6gviDmg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh+rkeliuuDV3CbJJvJxUIEdrWP4ajGKWRigNE1Trvucmxs+oMpwJnJcGqcaEsikdY99SSSPUfrY8dU6urDIiYaxsSUOW6u+JjEZaz6LAdkbUTPS6txD/8/qpCRt+xmWSGpRstShMBTExWfxNRlwhM2Jm CWWK21sJm1BFmbHplGwI3vrLm6RTr3luzbuvV5qNPI4iXMAlVMGDG2jCHbSgDQzG8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCPrI1F</latexit><latexit sha1_base64="ZPTTdg9X8zbtKzrB/Qgp6gviDmg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1t FoMQm3CXxpQBG8uI5gOSI+xt5pIle3vH7p4QjvwEGwtFbP1Fdv4bN8kVmvhg4PHeDDPzgkRwbVz32ylsbe/s7hX3SweHR8cn5dOzjo5TxbDNYhGrXkA1Ci6xbbgR2EsU0igQ2A2mtwu/+4RK81g+mlmCfkTHko ecUWOlh+rkeliuuDV3CbJJvJxUIEdrWP4ajGKWRigNE1Trvucmxs+oMpwJnJcGqcaEsikdY99SSSPUfrY8dU6urDIiYaxsSUOW6u+JjEZaz6LAdkbUTPS6txD/8/qpCRt+xmWSGpRstShMBTExWfxNRlwhM2Jm CWWK21sJm1BFmbHplGwI3vrLm6RTr3luzbuvV5qNPI4iXMAlVMGDG2jCHbSgDQzG8Ayv8OYI58V5dz5WrQUnnzmHP3A+fwCPrI1F</latexit>
RO = 1
<latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit>
RO = 1
<latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit>
RO = 1
<latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit><latexit sha1_base64="c7XjFRoo4QX7lR6uERHfJBmPikY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69 LBbBU0lEsBeh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQVsfDDzem2FmXigF18Z1v53C2vrG5lZxu7Szu7d/UD48auk0U5Q1aSpS1QlRM8ET1jTcCNaRimEcCtYORzczv/3ElOZp8mjGkgUxDh IecYrGSr4/QimRPPTurr1eueJW3TnIKvFyUoEcjV75y++nNItZYqhArbueK00wQWU4FWxa8jPNJNIRDljX0gRjpoPJ/OYpObNKn0SpspUYMld/T0ww1noch7YzRjPUy95M/M/rZiaqBROeyMywhC4WRZkgJiWz AEifK0aNGFuCVHF7K6FDVEiNjalkQ/CWX14lrYuq51a9+8tKvZbHUYQTOIVz8OAK6nALDWgCBQnP8ApvTua8OO/Ox6K14OQzx/AHzucP3peQ3w==</latexit>
RO = 5
<latexit sha1_base64="M6rbGGzz3QDh6Nrsa9hCIAh9u34=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsReh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQasPBh7vzTAzL5SCa+O6X05 hZXVtfaO4Wdra3tndK+8ftHSaKcqaNBWp6oSomeAJaxpuBOtIxTAOBWuHo+uZ335kSvM0eTBjyYIYBwmPOEVjJd8foZRI7nu3Vxe9csWtunOQv8TLSQVyNHrlT7+f0ixmiaECte56rjTBBJXhVLBpyc80k0hHOGBdSxOMmQ4m85un5MQqfRKlylZiyFz9OTHBWOtxHNrOGM1QL3sz8T+vm5moFkx4IjPDErpYFGWCmJTMAiB9rhg1YmwJUsXtrYQOUSE1NqaSDcFbfvkvaZ1VPbfq3Z1X6rU8jiIcwTGcggeXUIcbaEATKEh4ghd 4dTLn2Xlz3hetBSefOYRfcD6+AeSnkOM=</latexit><latexit sha1_base64="M6rbGGzz3QDh6Nrsa9hCIAh9u34=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsReh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQasPBh7vzTAzL5SCa+O6X05 hZXVtfaO4Wdra3tndK+8ftHSaKcqaNBWp6oSomeAJaxpuBOtIxTAOBWuHo+uZ335kSvM0eTBjyYIYBwmPOEVjJd8foZRI7nu3Vxe9csWtunOQv8TLSQVyNHrlT7+f0ixmiaECte56rjTBBJXhVLBpyc80k0hHOGBdSxOMmQ4m85un5MQqfRKlylZiyFz9OTHBWOtxHNrOGM1QL3sz8T+vm5moFkx4IjPDErpYFGWCmJTMAiB9rhg1YmwJUsXtrYQOUSE1NqaSDcFbfvkvaZ1VPbfq3Z1X6rU8jiIcwTGcggeXUIcbaEATKEh4ghd 4dTLn2Xlz3hetBSefOYRfcD6+AeSnkOM=</latexit><latexit sha1_base64="M6rbGGzz3QDh6Nrsa9hCIAh9u34=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsReh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQasPBh7vzTAzL5SCa+O6X05 hZXVtfaO4Wdra3tndK+8ftHSaKcqaNBWp6oSomeAJaxpuBOtIxTAOBWuHo+uZ335kSvM0eTBjyYIYBwmPOEVjJd8foZRI7nu3Vxe9csWtunOQv8TLSQVyNHrlT7+f0ixmiaECte56rjTBBJXhVLBpyc80k0hHOGBdSxOMmQ4m85un5MQqfRKlylZiyFz9OTHBWOtxHNrOGM1QL3sz8T+vm5moFkx4IjPDErpYFGWCmJTMAiB9rhg1YmwJUsXtrYQOUSE1NqaSDcFbfvkvaZ1VPbfq3Z1X6rU8jiIcwTGcggeXUIcbaEATKEh4ghd 4dTLn2Xlz3hetBSefOYRfcD6+AeSnkOM=</latexit><latexit sha1_base64="M6rbGGzz3QDh6Nrsa9hCIAh9u34=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsReh4MWbVewHNKFMtpt26SZZdjdCKf0bXjwo4tU/481/47bNQasPBh7vzTAzL5SCa+O6X05 hZXVtfaO4Wdra3tndK+8ftHSaKcqaNBWp6oSomeAJaxpuBOtIxTAOBWuHo+uZ335kSvM0eTBjyYIYBwmPOEVjJd8foZRI7nu3Vxe9csWtunOQv8TLSQVyNHrlT7+f0ixmiaECte56rjTBBJXhVLBpyc80k0hHOGBdSxOMmQ4m85un5MQqfRKlylZiyFz9OTHBWOtxHNrOGM1QL3sz8T+vm5moFkx4IjPDErpYFGWCmJTMAiB9rhg1YmwJUsXtrYQOUSE1NqaSDcFbfvkvaZ1VPbfq3Z1X6rU8jiIcwTGcggeXUIcbaEATKEh4ghd 4dTLn2Xlz3hetBSefOYRfcD6+AeSnkOM=</latexit>
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Figure 1. Electrostatic potential φ(r)/(βe) around a charged torus with charge Zte = 50e, p/s = 0.2, `B/RO = 0.01, and
RI/RO = 0.5 for various κRO. For κRO = 1 (κRO = 5), I found Υt = 1.22 (Υt = 5.409) and R/RO = 0.9863 (R/RO = 1.027).
(a) Numerical results for thick and (b) thin double layers. (c)-(h) Comparison of the semi-analytical ring-charge mapping Eq.
(9) with finite-element calculations of the Poisson-Boltzmann equation for thin and thick double layers, along various axes
(insets), as well as a zoomed-in comparison (near the particle surface).
shells gives the same result as the point-charge mapping,
showing that the choice of q(r) is not unique.
Next, I generalise the point-charge mapping to map-
pings on line charge distributions C, that are described
by the parametrisation γ : [a, b] → C. While this map-
ping is akin to the slender-body theory for creeping flow
[67], my method works also for “thick” particles, because
C need not coincide with the centerline of the particle.
Using Eq. (3) for line charge densities λ
(
γ(u)
)
, I find
ϕ(r) = `B
∫ b
a
du |γ′(u)|λ(γ(u))exp [−κ|r− γ(u)|]|r− γ(u)| . (7)
For effective pair interactions of arbitrarily positioned
and oriented line charges, applying Eq. (5), I find,
βΦe(d,Ω1,Ω2) = `B
∫ b1
a1
du |γ′1(u)|λ1
(
γ1(u)
)
(8)
×
∫ b2
a2
dv |γ′2(v)|λ2
(
γ2(v)
)exp [−κ|γ1(u)− γ2(v)|]
|γ1(u)− γ2(v)|
.
To illustrate this method, I consider the pair potential
between two identical tori with inner radius RI , outer
radius RO [Fig. 1(a)], and uniform surface charge den-
sity σ = Zt/(4pi
2RIRO). As a first step, I map the
torus to a charged ring with parametrisation γ(u) =
(R cosu,R sinu, 0), u ∈ [0, 2pi), of uniform line charge
density λ = Qr/(2piR). Unlike the point-charge map-
ping, not only the line charge number Qr has to be deter-
mined, but also the shape for R ∈ [RO −RI , RO +RI ].
Using Eq. (7), I find,
ϕ(r) =
Zt`BΥt
2pi
∫ 2pi
0
du
exp
[
−κ√r2 +R2 − 2ρR cos(u)]√
r2 +R2 − 2ρR cos(u) ,
(9)
with r =
√
ρ2 + z2 in cylindrical coordinates, and
I factorised the ring charge Qr(κRO, RI/RO) =
ZtΥt(κRO, RI/RO) using the linearity of Eq. (1). Note
that only for κ = 0 or ρ = 0, the integral in Eq. (9)
can be evaluated in terms of known special functions [68].
For the general case the integral can be numerically com-
puted on a desktop PC within seconds. Secondly, to es-
tablish the values of Υ and R, I fit the surface potential
ϕ(ρ = RO + RI cosα, z = RI sinα), with α ∈ [0, 2pi), to
the numerically obtained surface potential of a charged
torus for fixed κRO, RI/RO, and p/s [69].
For the numerically obtained axisymmetric φ(r) of a
torus [Figs. 1(a-b)] [70], I show how the semi-analytical
approximation compares for thin and thick double lay-
ers with finite-element calculations [69] for various cuts
along the torus [Figs. 1(c-h)]. For weak and strong
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<latexit sha1_base64="pmhX1 3WIbbc+MCmuBcHFLoRseik=">AAAB7XicdVBNS8NAEN34WetX1aOX xSJ4CkmbansrevFYwX5AG8pmu23XbjZhdyKU0P/gxYMiXv0/3vw3b tMKKvpg4PHeDDPzglhwDY7zYa2srq1vbOa28ts7u3v7hYPDlo4SR VmTRiJSnYBoJrhkTeAgWCdWjISBYO1gcjX32/dMaR7JW5jGzA/JSP IhpwSM1OrBmAHpF4qO7TnlinuOHbtcq3qlEs4Up1LDru1kKKIlGv3 Ce28Q0SRkEqggWnddJwY/JQo4FWyW7yWaxYROyIh1DZUkZNpPs2tn +NQoAzyMlCkJOFO/T6Qk1HoaBqYzJDDWv725+JfXTWBY9VMu4wSYp ItFw0RgiPD8dTzgilEQU0MIVdzciumYKELBBJQ3IXx9iv8nrZLten blxivWL5dx5NAxOkFnyEUXqI6uUQM1EUV36AE9oWcrsh6tF+t10b piLWeO0A9Yb58I6490</latexit>
RO = 1
<latexit sha1_base64="fdHbVgNe1tBC1FvJ0xBNZ6KpYls=">AAAB83ic bVBNSwMxEJ2tX7V+VT16CRbBU9mVil6EohdvVrEf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvFBypo3rfjuFldW19Y3iZmlre2d3r7x /0NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HN1M/fYTVZol4tGMJQ1iPBAsYgQbK/n+CEuJ0UPv7srrlStu1Z0BLRMvJxXI0eiVv/x+QtKYCkM41rrru dIEGVaGEU4nJT/VVGIywgPatVTgmOogm908QSdW6aMoUbaEQTP190SGY63HcWg7Y2yGetGbiv953dREl0HGhEwNFWS+KEo5MgmaBoD6TFFi+NgSTBSztyIy xAoTY2Mq2RC8xZeXSeus6tWq5/e1Sv06j6MIR3AMp+DBBdThFhrQBAISnuEV3pzUeXHenY95a8HJZw7hD5zPH+QxkPE=</latexit>
(d)
<latexit sha1_base64="I8yf yLqLJEiYxEatpnY38G4TsJc=">AAAB6nicbVBNSwMxEJ2tX7V+V T16CRahXspuUfRY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F 3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyod HbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5 kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhC Mda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSV LWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZ iWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veRe3yvl5 p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMf yB8/kDjzKNUw==</latexit>
nˆ1
<latexit sha1_base64="ZoZQEv9pfU7XZRJTr/oeXZrpLm8=">AAAB9HicdVBNS8NAEN34WetX1aOXxSJ4KkmNbb0VvXisYD+gDW Wz3bRLN5u4OymU0N/hxYMiXv0x3vw3btoKKvpg4PHeDDPz/FhwDbb9Ya2srq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSHZ9oJrhkTeAgWCdWjIS+YG1/fJ357QlTmkfyDqYx80IylDzglICRvN6IQNrzAyxnfadfKNqly1ql7FawXbLtqlN2MlKuuucudoySoYiWaPQL771B RJOQSaCCaN117Bi8lCjgVLBZvpdoFhM6JkPWNVSSkGkvnR89w6dGGeAgUqYk4Ln6fSIlodbT0DedIYGR/u1l4l9eN4Gg5qVcxgkwSReLgkRgiHCWAB5wxSiIqSGEKm5uxXREFKFgcsqbEL4+xf+TVrnkuKWLW7dYv1rGkUPH6ASdIQdVUR3doAZqIoru0QN6Qs/WxHq0Xqz XReuKtZw5Qj9gvX0CvPaSGQ==</latexit>
nˆ2
<latexit sha1_base64="TFNV7l7rQC5RehviaBvTgY90sDQ=">AAAB9HicdVBNS8NAEN34WetX1aOXxSJ4KkmMbb0VvXisYFuhDW Wz3bSLm03cnRRK6O/w4kERr/4Yb/4bN20FFX0w8Hhvhpl5QSK4Btv+sJaWV1bX1gsbxc2t7Z3d0t5+W8epoqxFYxGr24BoJrhkLeAg2G2iGIkCwTrB3WXud8ZMaR7LG5gkzI/IUPKQUwJG8nsjAlkvCLGc9t1+qWxXzutV16tiu2LbNcd1cuLWvFMPO0bJUUYLNPul994g pmnEJFBBtO46dgJ+RhRwKti02Es1Swi9I0PWNVSSiGk/mx09xcdGGeAwVqYk4Jn6fSIjkdaTKDCdEYGR/u3l4l9eN4Ww7mdcJikwSeeLwlRgiHGeAB5wxSiIiSGEKm5uxXREFKFgciqaEL4+xf+TtltxvMrZtVduXCziKKBDdIROkINqqIGuUBO1EEX36AE9oWdrbD1aL9b rvHXJWswcoB+w3j4BvnqSGg==</latexit>
d
<latexit sha1_base64="7j/MTY2DeVUJ3H90NVWfju3McOI=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRtauuu6MZlBf uANpTJdNIOnUzCzEQooR/hxoUibv0ed/6N04egogcuHM65l3vvCRLOlHacDyu3tr6xuZXfLuzs7u0fFA+P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJtdzv3NPpWKxuNPThPoRHgkWMoK1kTpZPwjRcDYolhzbrdZrnoccu+Je1soVQ+rORdlxkWs7C5Rgh eag+N4fxiSNqNCEY6V6rpNoP8NSM8LprNBPFU0wmeAR7RkqcESVny3OnaEzowxRGEtTQqOF+n0iw5FS0ygwnRHWY/Xbm4t/eb1Uh3U/YyJJNRVkuShMOdIxmv+OhkxSovnUEEwkM7ciMsYSE20SKpgQvj5F/5N22XY9u3rrlRpXqzjycAKncA4u1KABN9CEFhCY wAM8wbOVWI/Wi/W6bM1Zq5lj+AHr7RN6eY+v</latexit>
⇠  1
<latexit sha1_base64="oiKJFvNYH6tgI/ter4X0+Pc61P4=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2VXKnosevFYwX5Ady2zadqGZrMhyRbK0n/ixYMiXv0n3vw3pu0etPXBwOO9GWbmRZ IzbTzv2ymsrW9sbhW3Szu7e/sH7uFRUyepIrRBEp6odgSaciZowzDDaVsqCnHEaSsa3c381pgqzRLxaCaShjEMBOszAsZKXdcNNItxMAIp4Sm78Kddt+xVvDnwKvFzUkY56l33K+glJI2pMISD1h3fkybMQBlGOJ2WglRTCWQEA9qxVEBMdZjNL5/iM6v0cD9RtoTBc/X3RAax1pM4sp0xmKFe9mbif14nNf2bMGNCpoYKsljUTzk2CZ7FgHtMUWL4xBIgitlbMRmCAmJsWCUbgr/88ippXlb8auXqoVqu3 eZxFNEJOkXnyEfXqIbuUR01EEFj9Ixe0ZuTOS/Ou/OxaC04+cwx+gPn8wftC5M1</latexit>
RO = 1
<latexit sha1_base64="fdHbVgNe1tBC1FvJ0xBNZ6KpYls=">AAAB83ic bVBNSwMxEJ2tX7V+VT16CRbBU9mVil6EohdvVrEf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvFBypo3rfjuFldW19Y3iZmlre2d3r7x /0NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HN1M/fYTVZol4tGMJQ1iPBAsYgQbK/n+CEuJ0UPv7srrlStu1Z0BLRMvJxXI0eiVv/x+QtKYCkM41rrru dIEGVaGEU4nJT/VVGIywgPatVTgmOogm908QSdW6aMoUbaEQTP190SGY63HcWg7Y2yGetGbiv953dREl0HGhEwNFWS+KEo5MgmaBoD6TFFi+NgSTBSztyIy xAoTY2Mq2RC8xZeXSeus6tWq5/e1Sv06j6MIR3AMp+DBBdThFhrQBAISnuEV3pzUeXHenY95a8HJZw7hD5zPH+QxkPE=</latexit>
nˆ
<latexit sha1_base64="wtHlFVk I0r+VJQSL4uLOF2W8oTI=">AAAB8nicdVBNS8NAEN34WetX1aOXxSJ4Ckm Nbb0VvXisYD+gDWWz3bRLN5uwOxFK6M/w4kERr/4ab/4bN20FFX0w8Hhv hpl5QSK4Bsf5sFZW19Y3Ngtbxe2d3b390sFhW8epoqxFYxGrbkA0E1yyFn AQrJsoRqJAsE4wuc79zj1TmsfyDqYJ8yMykjzklICRev0xgawfhFjOBqW yY1/WqxWvih3bcWpuxc1Jpeade9g1So4yWqI5KL33hzFNIyaBCqJ1z3US 8DOigFPBZsV+qllC6ISMWM9QSSKm/Wx+8gyfGmWIw1iZkoDn6veJjERaT6 PAdEYExvq3l4t/eb0UwrqfcZmkwCRdLApTgSHG+f94yBWjIKaGEKq4uRX TMVGEgkmpaEL4+hT/T9oV2/Xsi1uv3LhaxlFAx+gEnSEX1VAD3aAmaiGKY vSAntCzBdaj9WK9LlpXrOXMEfoB6+0Tj9CRdQ==</latexit>
(c)
<latexit sha1_base64="5U7+AqkNsz2xgWKueyQNXssn3tw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3KHoMevEY0TwgWcL spDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2Yg OsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7qFzeV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Aja2NUg==</latexit>
RO = 1
<latexit sha1_base64="fdHbVgNe1tBC1FvJ0xBNZ6KpYls=">AAAB83ic bVBNSwMxEJ2tX7V+VT16CRbBU9mVil6EohdvVrEf0F1KNs22odlsSLJCWfo3vHhQxKt/xpv/xrTdg7Y+GHi8N8PMvFBypo3rfjuFldW19Y3iZmlre2d3r7x /0NJJqghtkoQnqhNiTTkTtGmY4bQjFcVxyGk7HN1M/fYTVZol4tGMJQ1iPBAsYgQbK/n+CEuJ0UPv7srrlStu1Z0BLRMvJxXI0eiVv/x+QtKYCkM41rrru dIEGVaGEU4nJT/VVGIywgPatVTgmOogm908QSdW6aMoUbaEQTP190SGY63HcWg7Y2yGetGbiv953dREl0HGhEwNFWS+KEo5MgmaBoD6TFFi+NgSTBSztyIy xAoTY2Mq2RC8xZeXSeus6tWq5/e1Sv06j6MIR3AMp+DBBdThFhrQBAISnuEV3pzUeXHenY95a8HJZw7hD5zPH+QxkPE=</latexit>
(b)
<latexit sha1_base64="9MBL8yuSNqRUIe6jwMR76Xjqpf0="> AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3KHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6 777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5Fbc Ocgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9m bif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Ubm8r5ZqN1kceTiBUyiDB1dQgzuoQwMY DOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AjCiNUQ==</latexit>
d
<latexit sha1_base64="icMCOq h7YG7Mzn1tZPtBivjWteM=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0V wFSYxNrorunFZwT6gDWUymbRDJ5MwMxFK6Ee4caGIW7/HnX/j9CGo6IE Lh3Pu5d57wowzpRH6sEorq2vrG+XNytb2zu5edf+grdJcEtoiKU9lN8 SKciZoSzPNaTeTFCchp51wfD3zO/dUKpaKOz3JaJDgoWAxI1gbqVP0w xhG00G1hmzHrfsegsh2Xc898w3x66juXULHRnPUwBLNQfW9H6UkT6jQh GOleg7KdFBgqRnhdFrp54pmmIzxkPYMFTihKijm507hiVEiGKfSlNBw rn6fKHCi1CQJTWeC9Uj99mbiX14v1/FFUDCR5ZoKslgU5xzqFM5+hxG TlGg+MQQTycytkIywxESbhComhK9P4f+k7dqOZ5/ferXG1TKOMjgCx+A UOMAHDXADmqAFCBiDB/AEnq3MerRerNdFa8lazhyCH7DePgF684+w</ latexit>
 
<latexit sha1_base64="w0uunch mo1IDH5vRNkyHwbwyagk=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZI 2atwV3bisYB/QhjKZTtqhM5MwMxFK6C+4caGIW3/InX/jJK2gogcuHM65 l3vvCRNGlXacD6u0srq2vlHerGxt7+zuVfcPOipOJSZtHLNY9kKkCKOCt DXVjPQSSRAPGemG0+vc794TqWgs7vQsIQFHY0EjipHOpUGi6LBac+zGpe9 7DizIue8b4jkNt+5D13YK1MASrWH1fTCKccqJ0Jghpfquk+ggQ1JTzMi8 MkgVSRCeojHpGyoQJyrIilvn8MQoIxjF0pTQsFC/T2SIKzXjoenkSE/Ub y8X//L6qY78IKMiSTUReLEoShnUMcwfhyMqCdZsZgjCkppbIZ4gibA28VR MCF+fwv9Jp267nn1269WaV8s4yuAIHINT4IIL0AQ3oAXaAIMJeABP4Nni 1qP1Yr0uWkvWcuYQ/ID19gmsdI6u</latexit>
d
<latexit sha1_base64="icMCOq h7YG7Mzn1tZPtBivjWteM=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0V wFSYxNrorunFZwT6gDWUymbRDJ5MwMxFK6Ee4caGIW7/HnX/j9CGo6IE Lh3Pu5d57wowzpRH6sEorq2vrG+XNytb2zu5edf+grdJcEtoiKU9lN8 SKciZoSzPNaTeTFCchp51wfD3zO/dUKpaKOz3JaJDgoWAxI1gbqVP0w xhG00G1hmzHrfsegsh2Xc898w3x66juXULHRnPUwBLNQfW9H6UkT6jQh GOleg7KdFBgqRnhdFrp54pmmIzxkPYMFTihKijm507hiVEiGKfSlNBw rn6fKHCi1CQJTWeC9Uj99mbiX14v1/FFUDCR5ZoKslgU5xzqFM5+hxG TlGg+MQQTycytkIywxESbhComhK9P4f+k7dqOZ5/ferXG1TKOMjgCx+A UOMAHDXADmqAFCBiDB/AEnq3MerRerNdFa8lazhyCH7DePgF684+w</ latexit>
nˆ1
<latexit sha1_base64="ZoZQEv 9pfU7XZRJTr/oeXZrpLm8=">AAAB9HicdVBNS8NAEN34WetX1aOXxSJ 4KkmNbb0VvXisYD+gDWWz3bRLN5u4OymU0N/hxYMiXv0x3vw3btoKKvp g4PHeDDPz/FhwDbb9Ya2srq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSHZ 9oJrhkTeAgWCdWjIS+YG1/fJ357QlTmkfyDqYx80IylDzglICRvN6IQ NrzAyxnfadfKNqly1ql7FawXbLtqlN2MlKuuucudoySoYiWaPQL771B RJOQSaCCaN117Bi8lCjgVLBZvpdoFhM6JkPWNVSSkGkvnR89w6dGGeA gUqYk4Ln6fSIlodbT0DedIYGR/u1l4l9eN4Gg5qVcxgkwSReLgkRgiHC WAB5wxSiIqSGEKm5uxXREFKFgcsqbEL4+xf+TVrnkuKWLW7dYv1rGkU PH6ASdIQdVUR3doAZqIoru0QN6Qs/WxHq0XqzXReuKtZw5Qj9gvX0Cv PaSGQ==</latexit>
nˆ2
<latexit sha1_base64="TFNV7l 7rQC5RehviaBvTgY90sDQ=">AAAB9HicdVBNS8NAEN34WetX1aOXxSJ 4KkmMbb0VvXisYFuhDWWz3bSLm03cnRRK6O/w4kERr/4Yb/4bN20FFX0 w8Hhvhpl5QSK4Btv+sJaWV1bX1gsbxc2t7Z3d0t5+W8epoqxFYxGr24 BoJrhkLeAg2G2iGIkCwTrB3WXud8ZMaR7LG5gkzI/IUPKQUwJG8nsjA lkvCLGc9t1+qWxXzutV16tiu2LbNcd1cuLWvFMPO0bJUUYLNPul994g pmnEJFBBtO46dgJ+RhRwKti02Es1Swi9I0PWNVSSiGk/mx09xcdGGeA wVqYk4Jn6fSIjkdaTKDCdEYGR/u3l4l9eN4Ww7mdcJikwSeeLwlRgiHG eAB5wxSiIiSGEKm5uxXREFKFgciqaEL4+xf+TtltxvMrZtVduXCziKK BDdIROkINqqIGuUBO1EEX36AE9oWdrbD1aL9brvHXJWswcoB+w3j4Bv nqSGg==</latexit>
nˆ1
<latexit sha1_base64="lAC2z/0OL8JMfi5kG5sdSbj7ohU=">AAAB9HicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJtNhlwY3LCvYCTSiT6aQdOpnEmUmhhD6HGxeKuPVh3Pk2TtoUVPSHgZ/vnMM58wcJZ0o7zqd V2tjc2t4p71b29g8Oj6rHJ10Vp5LQDol5LPsBVpQzQTuaaU77iaQ4CjjtBdObvN6bUalYLO71PKF+hMeChYxgbZDvTbDOvCBEYjF0h9WaYzecXMixnbUpiFuQGhRqD6sf3igmaUSFJhwrNXCdRPsZlpoRThcVL1U0wWSKx3RgrMARVX62PHqBLgwZoTCW5gmNlvT7RIYjpeZRYDojrCfqdy2Hf9UGqQ6bfsZEkmoqyGpRmHKkY5QngEZMUqL53BhMJDO3IjLBEhNtcqqYENY/Rf+b7pXt1u3GXb3WahZxlOEMzuESXLiGFtxCGzp A4AEe4RlerJn1ZL1ab6vWklXMnMIPWe9faHeR1w==</latexit>
nˆ2
<latexit sha1_base64="pggjEgB6C/WIwGZOIa8X6LkReCo=">AAAB9HicdZDLSsNAFIZPvNZ6q7p0 M1gEVyEpLXZZcOOygr1AE8pkOmmHTiZxZlIooc/hxoUibn0Yd76NkzYFFf1h4Oc753DO/EHCmdKO82ltbG5t7+yW9sr7B4dHx5WT066KU0loh8Q8lv0AK8qZoB3NNKf9RFIcBZz2gulNXu/NqFQsFvd6nlA/wm PBQkawNsj3JlhnXhAisRjWhpWqYzecXMixnbUpiFuQKhRqDysf3igmaUSFJhwrNXCdRPsZlpoRThdlL1U0wWSKx3RgrMARVX62PHqBLg0ZoTCW5gmNlvT7RIYjpeZRYDojrCfqdy2Hf9UGqQ6bfsZEkmoqyGpR mHKkY5QngEZMUqL53BhMJDO3IjLBEhNtciqbENY/Rf+bbs1263bjrl5tNYs4SnAOF3AFLlxDC26hDR0g8ACP8Awv1sx6sl6tt1XrhlXMnMEPWe9fafuR2A==</latexit>
mˆ2
<latexit sha1_base64="70xSZd8iENFudWYDhM2xSUOCizk=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwVZIY27oruHFZwT6gCWUynbRDZyZxZlIood/hxoUibv0Yd/6Nk7aCih64cDjnXu69J0wYVdq2P6z C2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq5zvzslUtFY3OlZQgKORoJGFCNtpMAfI535YQT5fOAOyhW7etWouV4N2lXbrjuukxO37l140DFKjgpYoTUov/vDGKecCI0ZUqrv2IkOMiQ1xYzMS36qSILwBI1I31CBOFFBtjh6Ds+MMoRRLE0JDRfq94kMcaVmPDSdHOmx+u3l4l9eP9VRI8ioSFJNBF4uilIGdQzzBOCQSoI1mxmCsKTmVojHSCKsTU4lE8LXp/B/0nGrjle9vPUqzcYqjiI4Aaf gHDigDprgBrRAG2BwDx7AE3i2ptaj9WK9LlsL1mrmGPyA9fYJufGSDw==</latexit>
mˆ1
<latexit sha1_base64="rdkRAuysXWILL4zwBLxSHgn6gOs=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFZIa27oruHFZwT6gCWUynbRDZyZxZlIood/hxoUibv0Yd/6Nk7aCih64cDjnXu69J0wYVdpxPqz C2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq5zvzslUtFY3OlZQgKORoJGFCNtpMAfI535YQT5fOAOyhXHvmrUql4NOrbj1N2qm5Nq3bvwoGuUHBWwQmtQfveHMU45ERozpFTfdRIdZEhqihmZl/xUkQThCRqRvqECcaKCbHH0HJ4ZZQijWJoSGi7U7xMZ4krNeGg6OdJj9dvLxb+8fqqjRpBRkaSaCLxcFKUM6hjmCcAhlQRrNjMEYUnNrRCPkURYm5xKJoSvT+H/pFO1Xc++vPUqzcYqjiI4Aaf gHLigDprgBrRAG2BwDx7AE3i2ptaj9WK9LlsL1mrmGPyA9fYJuG2SDg==</latexit>
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Figure 2. Semi-analytical approximation of the effective pair potential (lines) compared with finite-element calculations (dots)
for various shapes, particle configurations, and screening lengths at `B/RO = 0.01 and p/s = 0.2. I consider (a-b) identical tori
[Eq. (11)], (c) identical tri-axial ellipsoids [69], and (d-f) torus-sphere additive mixtures [Eq. (14)]. The coloured shaded areas
indicate overlap of particle hard cores when the particle distance d is decreased at fixed orientation from d→∞. Tori have charge
Zt = 100 and inner radius RI = 0.5RO. Ellipsoids have the same charge, surface area, and volume as the tori with “radius”
along lˆi = mˆi × nˆi given by al = RO. In (c) mˆ1 = (−1, 1, 0)/
√
2, mˆ2 = (0, 1, 0) (blue) and mˆ1 = (−0.722,−0.0269, 0.692),
mˆ2 = (−1, 1, 0)/
√
2 (red). Spheres have the same surface charge density as the torus with radius a = 0.4RO.
intra-particle double layer overlap, Eq. (9) agrees ex-
cellently with numerics [69], capturing the full spatial
dependence of φ>(r) for suitably chosen Υ and R, even
for tori with large particle volumes. Finally, Eq. (9)
gives analytical insight: for r → ∞, I find that ϕ(r) ∼
A(θ)Zt`B exp(−κr)/r, with anisotropy function [69],
A(θ)
Υt
= 1 +
1
4
sin2 θ (κR)2 +
1
64
sin4 θ (κR)4 + ... (10)
showing the well-known result that particle anisotropy
still persists in the far-field electrostatic potential unlike
the unscreened case, and that the anisotropies are more
pronounced for large κ [36, 42]. To my best knowledge
A(θ) has never been calculated for a torus before.
To calculate effective pair interactions, I parametrise
two identical rings with arbitrary orientations as γi(u) =
Xi+R cos uˆli+R sinumˆi, (i = 1, 2), with nˆi ·ˆli = nˆi·mˆi =
0, and nˆi the unit normal to the plane in which the ring
is situated that coincides with the plane where the outer
ring of the corresponding torus is situated. Using Eq.
(8), I find the interaction between two identical tori,
βΦtte (d, nˆ1, nˆ2) =
Z2t `BΥ
2
t
(2pi)2
∫ 2pi
0
du
∫ 2pi
0
dv
exp
[
−κ√d2 + 2R2 − 2Rf(u, v;d, nˆ1, nˆ2)]√
d2 + 2R2 − 2Rf(u, v;d, nˆ1, nˆ2)
, (11)
for d not parallel to nˆ1 and/or nˆ2, the term f in the integrand simplifies to,
f(u, v; d, nˆ1, nˆ2) = d sin v|nˆ1 × nˆ2|+R [cos(u− v)− (1− nˆ1 · nˆ2) sinu sin v] , (12)
whereas for d not parallel to either nˆ1 or nˆ2,
f = |b1| sinu− |b2| sin v + R|b1||b2|
(
cosu cos v
[
d2(nˆ1 · nˆ2)− (d · nˆ1)(d · nˆ2)
]
+ cosu sin v [d · (nˆ1 × nˆ2)(d · nˆ2)]
− sinu cos v [d · (nˆ1 × nˆ2)(d · nˆ1)] + sinu sin v
{
d2(nˆ1 · nˆ2)2 − (d · nˆ1)(d · nˆ2)(nˆ1 · nˆ2) + [d · (nˆ1 × nˆ2)]2
})
. (13)
In Eq. (13), I used the parametrisation lˆi = bi/|bi| and mˆi = lˆi × nˆi, with vector bi = d × nˆi for i = 1, 2.
5Despite being an integral representation, the evaluation
of Eq. (11) is far less computationally expensive than
three-dimensional finite-element calculations of Eq. (1)
for every fixed particle configuration.
In Figs. 2(a-b), I compare the numerical calculation
and the analytical approximation of Eqs. (11)-(13) for a
wide variety of particle configurations. I find an excellent
agreement, with only a deviation for particle separations
close to contact where the repulsion is underestimated,
as expected from a method that is equivalent to the LSA
[61]. To show the generality of the framework, I also com-
pare the interaction potentials for selected configurations
of two tri-axial ellipsoids [Fig. 2(c)], for which a mapping
to a spherical shell was needed, rather than a line charge
[69]. I hypothesise, however, that some metal spheroidal
particles can be mapped to straight lines, because the
(unscreened) isopotential surfaces of straight lines are
prolate spheroids with specific aspect ratios [71]. Finally,
the method can also be extended to additive mixtures of
particles, as I highlight for the torus-sphere interaction,
βΦtse (d, nˆ) =
ZtZs`B
2pi
Υt(κRO, κRI)Υs(κa)
×
∫ 2pi
0
du
exp
[
−κ√d2 +R2 + 2R sinu|d× nˆ|]√
d2 +R2 + 2R sinu|d× nˆ| , (14)
which, again, agrees excellently with numerics [Figs. 2(d-
f)], even when the sphere partly enters the hole of the
torus [Fig. 2(e-f), blue line]. In the insets, I highlight
on log-linear scale that the decay length for these par-
ticle shapes is still κ−1, however, with an orientation-
dependent interaction amplitude of higher anisotropy
when the salt concentration is increased [Figs. 2(e-f)],
which is generic for anisotropic particles [36, 42], as is for
the electrostatic potential [Eq. (10)].
Summarising, I developed a framework to derive ef-
fective pair potentials between finite-sized arbitrarily-
shaped rigid macroions. With different combinations
of spheres, ellipsoids, and tori in various mutual orien-
tations I showed the applicability and accuracy of this
method: this framework gives analytical insights with
broad relevance for experiments and simulations. I ex-
pect that the method applies to many shapes when multi-
ple inhomogeneous singular charge distributions are used.
Furthermore, as recently shown, the method works also
for spheres dispersed in nematic liquid crystals [9]. Find-
ing the correct charge distribution for a specific particle
can be non-trivial, but often symmetry arguments and
an analysis of the necessary multipole moments to match
the far-field electrostatic potential are useful considera-
tions. For example, it was suggested that Janus spheres
can be described by a collection of point charges [72].
My method becomes less accurate at small particle sep-
arations, like DLVO theory, where the surface potential
and/or surface charge density become “polarised”, which,
however, can be reconciled with the Derjaguin approxi-
mation [43, 66, 73, 74]. Furthermore, it is not possible
to derive multi-body interactions (of the form as in Ref.
[75]), because of the underlying LSA equivalence.
As an outlook, I propose extending the theory with
(many-body) charge regulation [51, 74, 76–78] and renor-
malisation [79–82] to incorporate more types of electro-
static boundary conditions and non-linear screening, re-
spectively. The expressions of this manuscript can then
still be used with the bare charge replaced by an effective
(renormalised) charge. More broadly, the findings might
also be valuable for any physical system governed by the
Helmholtz equation, e.g. acoustics [83] and optics [84],
or systems where the Yukawa potential is involved, such
as wetting [85]. Finally, it would be intriguing to explore
charge-screened active matter for various “thick” parti-
cles. Here, the Yukawa potential is already often used to
model steric repulsions between thin active rods [86, 87].
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